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Decentralized Feedback Maneuver of Flexible Spacecraft

Larry Silverberg* and Lester A. Fosterf
North Carolina State University, Raleigh, North Carolina

This paper describes a novel approach to flexible spacecraft maneuver in which spacecraft motion relative to
the motion of a shadow spacecraft is suppressed using a decentralized feedback control. The shadow spacecraft
is a fictitious spacecraft that can be positioned, oriented, and allowed to undergo elastic deformations at the
discretion of the designer. First, rest-to-spin maneuvers are investigated, with different choices for the shadow
coordinates;. The angular velocities of the shadow coordinates are chosen as step functions, quadratic functions
corresponding to minimum fuel maneuvers for rigid bodies, and quadratic functions with lag compensation in
which the lag is associated with the spacecraft angular velocities relative to the shadow spacecraft angular
velocities. The performance of the maneuvers is illustrated in the presence of multiple actuator failures. Next,
both in-plane and out-of-plane rest-to-rest maneuvers are investigated. The associated shadow coordinates are
chosen to correspond to those of minimum fuel maneuvers and minimum fuel maneuvers with lag compensa-
tion.

I. Introduction

THE problem of maneuvering flexible spacecraft has tradi-
tionally been cast in the form of nonlinear two-point

boundary-value problems. Although solutions to the general
nonlinear two-point boundary-value problem can be obtained
for rigid spacecraft, the computational effort and the numeri-
cal sensitivities can often pose problems.1 For flexible space-
craft, the solution of the nonlinear two-point boundary-value
problem may be close to unattainable in the extreme case and,
at the very least, provides little insight into algorithms well
suited for in-space implementation. This paper describes a
novel approach to the problem of maneuvering flexible space-
craft in which spacecraft motion relative to the motion of a
shadow spacecraft is surjpressed using a decentralized feed-
back control. The shadow spacecraft is a fictitious spacecraft
whose motion is freely prescribed by the designer. Thus, the
shadow spacecraft may be positioned and oriented and may
undergo flexible-body motions if so desired. An inherent level
of system level reliability is then obtained by suppressing
motion relative to the shadow spacecraft using decentralized
feedback.2

In Sec. II, the dynamics of a nondimensional free-free beam
with well-separated dimensions are described, and a general
formulation for the associated control law is given. This repre-
sentative spacecraft will be used throughout the remainder of
the paper. In Sec. Ill, we investigate decentralized feedback
spin-up maneuvers with different choices for the shadow
spacecraft. Decentralized feedback rest-to-rest maneuvers are
then considered in Sec. IV.

II. Maneuver of a Free-Free Beam with
Well-Separated Dimensions

Consider the free-free uniform beam of length /, width w,
and cross-sectional thickness c, with well-separated dimen-
sions so that c < w < I . The beam undergoes bending vibra-
tion in the t>2 direction (see Fig. 1), and so the stiffness opera-
tor for the beam has the form L = EId4/dx4b2b2, where El
denotes the bending stiffness of the beam.3 The mass per unit
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length of the beam is denoted by p, with M = pL representing
the total mass of the beam and /! = (M/12)(w2 + c2),
72 = (M/12)(w2 + /2), and 73 = (M/12)(c2 + /2) representing
the principal mass moments of inertia of the beam about the
three axes of the floating coordinates, respectively.4 The iner-
tial position of any point on the spacecraft is expressed as

with

u = i/o +

= U0l(t )?!

(1)

which is the position of the beam's mass center (coinciding
with the origin of the floating coordinates) measured in iner-
tial coordinates with unit vectors ?i, ?2, and ?3, and

+ X2buc = uc(P,t) =

which is the nominal position to point P relative to the mass
center of the beam measured in floating coordinates with unit
vectors b{(t)> b2(t), and b3(t) (see Fig. 2).

In the case of our free-free beam, uc(P) = xb2. The elastic
displacement is orthogonal to the rigid-body modes of vibra-
tion and expressed as a linear combination of elastic modes of
vibration measured relative to the floating coordinates as5

UE =

with UE = uE(P,t) =
elastic displacement of
= <t>Eri(P)b\ + <t>Er2(P)b2 +
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V

(2)

Si + UEi(P,t)b2 + um(P,t)b3, the
the spacecraft; <t>Er = <t>Er(P\

, the rth elastic mode of
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Fig. 1 Floating beam, actual beam, and shadow beam with six dis-
crete control forces and one discrete control moment shown.
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Fig. 2 Floating spacecraft, actual spacecraft, and shadow spacecraft
with inertial position of point P shown.

vibration of the beam; and qr = qr(t), the rth modal displace-
ment.

In the case of our free-free beam, fe-(P) = <t>Er(x)f>2t in
which <t>Er(x) can be expressed in closed form.3

The translational, rotational, and modal equations of mo-
tion become

Muol=Fl9

/A = (72 -

where

with

qr = -

1/2

+ M3

= 1,2,...) (3)

-1/2
/dx, Qr=

//2

F = F(t) = ^(O/i + ^2(0?2 + f3(t)!3 (net external force
vector acting on the beam)

0 = 0(0 = Oi(08i(0 + Q2(082(0 + ̂ 3(083(0 (angular
velocity vector of the floating coordinates)

M = Af (0 = Mi(08i(0 •+ M2(082(0 + M3(083(0 (net
external moment vector acting on the beam)

Qr = Qr(t) (rth modal control force)

f=f(x,t) (control force distribution over the beam in
the b2 direction)

and ov = the natural frequency of rth elastic mode of vibra-
tion of the beam.

The elastic modes of vibration are solutions to the eigen-
value problem

El dx4 = 1,2,... (4)

The decentralized feedback maneuvers considered in the
next sections of this paper will be executed using six discrete
control forces evenly spaced along the beam acting in the J)\9
52, and 63 directions and using one discrete control moment at
the center of the beam acting about the b\ axis (see Fig. 1). The
components of the six discrete control forces acting in the 52
direction are expressed in terms of a distributed control force
as

with

/= (5)

fir = .///• (0» the rth discrete control force in 8/ direction
applied at xr

dr = d(x — xr), the spatial Dirac-delta function at xr

The decentralized feedback maneuvers described in the next
sections uniformly dampen the beam motion.2 The beam mo-
tion is damped relative to a shadow beam specified in advance
by the designer. The associated control law has the form

fir = - 2amr(uir - usir) - a2mr(uir - usir), r = 1,2,...,6

! = - 20/10! ~ *,i) - - Osl)

(6a)

(6b)

with

OL = designer chosen uniform damping rate
mr = beam mass in the subdomain of the rth control force
uir = Ui(xr,t)9 inertial position of point xr in the 6, direction

u^r = usi(xr,t), inertial position of point xr in the 5/ direction
of the shadow beam

0i = 0i(0, angle of rotation of the beam about the 61 axis
0si = 0*i(0» angle of rotation of the shadow beam about the

61 axis

in which overdots represent differentiations with respect to
inertial space. From Eq. (6), the maneuver requires the selec-
tion of a uniform damping rate a and the selection of shadow
coordinates. Issues regarding the selection of the uniform
damping rate and the shadow coordinates will be treated in
subsequent sections. The immediate interest lies in nondimen-
sionalizing the problem according to

t=t/T, 8 = (7)
with

~t = nondimensional time
x = nondimensional coordinate
0 = nondimensional angular velocity
T= 2ir(pL4/EI)l/2/Uf9 characteristic time constant (chosen

identical to the fundamental period

Introducing Eqs. (7) into Eqs. (3-5), we obtain the nondimen-
sional translational, rotational, and modal equations of mo-
tion, written explicitly as

"03=^3

3 =

(8a)

(8b)

(8c)
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where

-'/2
£ /2r, Or =

r = l J - ' / 2

and we obtain the nondimensional eigenvalue problem

(9)

(10)

in which primes represent derivatives with respect to nondi-
mensional time with

WGI = WQI//, t/o2 = Mo2/V» MOS = t/03// (nondimensional
positions of beam mass center)

l, F3 = F3T2/Ml
(nondimensional net external forces acting on the beam)

2, M3 = M3T2/I3
(nondimensional net external moment about the beam
mass center)

qr = qr/Ml/2l (rth nondimensional modal displacement)

f-fT2/M (nondimensional force per unit length
of the beam)

<fer = <t>ErMl/2 (rth nondimensional natural mode of
vibration)

o>r = o)rT [rth nondimensional natural frequency of
oscillation (the fundamental nondimensional frequency
tif = oJi = 2-Tr)]

fir = firT2/Ml ^ (rth nondimensional discrete control
force in the £/ direction located at xr = xr//)

and with

72-/3

Finally, the nondimensional control law has the form

fir = - 2cLmr(u;r - us'ir) - a2mr(uir - usir) (1 la)

- Osl) (1 Ib)

with

a = aT (nondimensional designer chosen uniform
decay rate)

mr = mr/M [nondimensional mass in the subdomain
of the rth control force (m\ = w6 = 0.1, w2 = m3 = m4
= m5 = 0.2)]

Uir = Uir/l (nondimensional inertial position of point
xr = xr/l in the S/ direction)

Ws/> = usir/J (nondimensional inertial position of point xr
in the 5/ direction on the shadow beam)

Throughout the remainder of the paper, the elastic motion
of the beam is expressed as a linear combination of the 10
lowest natural modes of vibration. The contribution of the
remaining modes to the overall system response is neglected.

III. Decentralized Feedback Spin-up Maneuvers
A. Angular Velocity of Shadow Coordinates Chosen
as Step Function

As mentioned previously, decentralized feedback maneuver
requires the selection of an appropriate shadow spacecraft
relative to which spacecraft motion is suppressed. As a first
illustration, consider shadow coordinates rotating about the
principal axis 53 of the beam at an angular velocity in the form
of the step function.

(12)
with

= nondimensional angular velocity of the shadow beam
about 53

= unit step function

In broad terms, the nondimensional angular velocity of the
beam in the S3 direction, S3, is expected to lag the nondimen-
sional angular velocity of the shadow coordinates Q53 increas-
ingly as the nondimensional decay rate a. decreases. As a rule
of thumb, a must be chosen to be at least one-third the
fundamental frequency of the beam. Otherwise, the control
law does not allow the beam to "catch up" to the shadow
beam. It follows that both the rise time and the settling time
associated with Q3 decrease as a. increases, as shown in Fig. 3.

B. Angular Velocity of Shadow Coordinates Chosen as
Optimal Profile

Previously, the angular velocity of the shadow coordinates
were chosen in the form of a step function [Eqs. (12)]. In this
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Fig. 3 Rise time and settling time of §3 for spin-up maneuvering using a step function as the angular velocity for the shadow beam.
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Fig. 4 Angular velocities for spin-up maneuvers using an optimal
profile for the shadow beam.

Fig. 7 Angular velocities for spin-up maneuvers using an optimal
profile for the shadow beam with shut-down and explosive failures.
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Fig. 5 Elastic deflection at the tip for spin-up maneuvers using an
optimal profile for the shadow beam.
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Fig. 6 Fuel vs maneuver time for spin-up maneuvers using an opti-
mal profile for the shadow beam.

section, the shadow coordinates follow the path associated
with the minimum fuel rest-to-spin maneuver for rigid bodies.
For spin-up about the 63 axis, when Q<t<Tm, the shadow
coordinates are given by

(13)

with

Tm = nondimensional final spin-up maneuver time
Qm = nondimensional final angular velocity for spin up

The nondimensional fuel function is defined as
6

(14)

Fig. 8 Elastic deflection at the tip and inertial displacements of the
mass center for spin-up maneuvers using an optimal profile for the
shadow beam with shut-down and explosive failures.

We now let the control damping rate and the steady-state spin
rate be identical to one-half the lowest natural frequency. The
shadow coordinates reach the spin rate in one fundamental
period. Figure 4 shows the angular velocity in the 63 direction
of both the actual beam and the shadow beam. The elastic
deflections at the tip are shown in Fig. 5. The control variables
that spin up the beam are the control damping rate and the
final spin-up maneuver time for which comparisons are made
on the basis of the fuel function given in Eq. (14). Figure 6
shows the fuel as a function of maneuver time for different
control damping rates normalized by the fundamental fre-
quency. Note that higher damping rates reduce fuel because
the beam follows the optimal path more closely. Also higher
damping rates reduce structural vibration during the maneu-
ver so that less fuel is expended to suppress vibration. Indeed,
maneuvers are carried out more efficiently when structural
vibration is not excited.

C. Multiple Actuator Failures
The spin-up maneuver described earlier is repeated here in

the presence of multiple actuator failures. The first actuator
(at xi =_- 0.5) undergoes a shut-down failure and is turned
off at l=y4Tm = l/4. At ~t= l/2, the fourth actuator (at
jc4 = 0.1) undergoes an explosive failure and is pulsed at a
magnitude of/2)4 = 3 for a period of time ~t = 1/10 and then
turned off. Note that the magnitude of the pulse is 20 times
greater than the maximum acuator force associated with the
same spin-up maneuver in the absence of failures. Figure 7
shows the angular velocities of the actual beam and the
shadow beam. The shut-down failure and the explosive failure
and the explosive failure cause the mass center to drift and
cause the elastic deflections to increase as shown in Fig. 8. The
spin-up maneuver, in the presence of these actuator failures,
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successfully spins up the beam, suppresses the induced vibra-
tion, and eliminates the drift of the mass center.

D. Lag Compensation
In Sec. III.B., the shadow coordinates followed an optimal

profile throughout the manuever. We also note that the angu-
lar velocity of the beam lagged the optimal angular velocity
and that the lag decreased as the control damping rate in-
creased. Here, we compensate for the lag by computing
shadow coordinates that allow the beam to follow the optimal
profile. Toward this end, using the equations of motion (8)
and the control law [Eq. (11)], and assuming small angles
between the floating and shadow coordinates, we obtain the
closed-loop equations describing rotations about 53 as

(15)

in which

with

of inertia)

= 0S'3

(nondimensional control moment

Letting 03 be identical to the optimal profile [Eq. (13)], carry-
ing out a differentiation and an integration to obtain 12 3 and
03, respectively, and substituting the result into Eq. (15), we

obtain the angular velocity of the shadow coordinates with lag
compensation

~t>Tm (16)

Figure 9 shows the desired angular velocity of the beam S53
[Eq. (13)], the actual beam angular velocity Q3, and the
shadow beam angular velocity 053 [Eq. (16)]. As shown, the
actual beam closely follows the optimal profile with lag com-
pensation. The difference between the angjular velocity of the
beam 123 and the desired angular velocity Qs3 [Eq. (13)] is due
to a small angle approximation made between the floating and
shadow coordinates [Eq. (15)]. Figure 10 shows changes in
fuel with respect to the maneuver time for several damping
rates. Note that the fuel decreases with the introduction of lag
compensation since the optimal profile is more closely fol-
lowed.
IV. Decentralized Feedback Rest-to-Rest Maneuvers

A. In-Plane 180-deg Maneuver
We select shadow coordinates indentical to the body-fixed

coordinates associated with a minimum fuel 180-deg rest-to-
rest maneuver of a rigid body with lag compensation. With the
introduction of the lag compensation, the beam undergoes the
indicated minimum fuel maneuver. Assuming a small angle
approximation between the floating and shadow coordinates,
the angular velocities of the shadow coordinates with lag
compensation become

Fig. 9 Angular velocities for spin-up maneuvers using a lag compen-
sating shadow beam [the desired angular velocity of the actual beam;
using Eq. (13)].

1 I
2.5

Fig. 10 Fuel vs maneuver time for spin-up maneuvers using a lag
compensating shadow beam.
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Fig. 11 Fuel vs maneuver time for in-plane 180-deg rest-to-rest ma-
neuvers using an optimal profile for the shadow beam.

Fig. 12 Time lapses of the beam's right half with the elastic deflec-
tions magnified by 15 and with one-tenth the fundamental period time
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Fig. 13 Angular velocities for in-plane 180-deg rest-to-rest maneu-
vers using a lag compensating shadow beam [the desired angular velo-
city of the actual beam; using Eq. (17) without the brackets].

in? 10-

1.0 1.5 2.0

Fig. 14 Fuel vs maneuver time for in-plane 180-deg rest-to-rest ma-
neuvers using a lag compensating shadow beam.

Fig. 15 Angular velocities for out-of-plane rest-tb-rest maneuvers.
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Fig. 16 Control forces in the fa and £3 directions at the tip for
out-of-plane rest-to-rest maneuvers.

entry of the coordinate transformation matrix between the
shadow coordinates and the floating coordinates. We let the
shadow coordinates rotate at the angular velocities

in which the first term of Ss3 in Eq. (17) represents the indi-
cated minimum fuel maneuver and the second and third terms
(enclosed in brackets) are lag compensating terms. First, ne-
glecting the lag compensating terms in the brackets in Eq. (17),
fuel is expressed as a function of the maneuver times (in
periods of the fundamental frequency) for several control
damping rates normalized by the fundamental frequency (see
Fig. 11). At the lower damping rates and for more rapid
maneuvers, the fuel is lower because of the lag in the control
law. The lag has the effect of increasing the maneuver time
Tm. At the slower maneuver times, the higher damping rates
require less fuel because they allow the beam to rotate closer to
the optimal profile. Next, Fig. 12 shows a time lapse of the
right half of the beam. Figure 13 shows the angular velocities
of the actual beam S3, the shadow beam Q53 [Eq. (17)], and the
desired angular velocities of the beam Q53 [Eq. (17) without the
brackets]. As shown, the actual beam closely follows the de-
sired optimal profile, although not exactly, due to a small
angle approximation made between the floating the shadow
coordinates. Figure 14 shows changes in fuel with respect to
the maneuver time for several damping rates. Note that the
fuel consumed is insensitive to changes in the damping rates
since with the introduction of lag compensation, the beam
more closely follows the desired optimal profile.

B. Out-of-Plane 120-deg Single-Axis Maneuver
Consider the out-of-plane rest-to-rest maneuver about the

single rotation axis l-l^ + kbi + kbi in which /1==/2 = /3
= V3/3. The beam rotates an angle $=120 deg about /. Note
that the term (0i - 05l) in Eq. (11) is determined from the (2,3)

• = 1,2,3 (18)

with

lr = rth component of single rotation axis
$ = single angle of rotation

Whereas the shadow coordinates given in Eq. (18) would be
associated with a minimum fuel maneuver for rigid bodies had
the rotation axis 7 been a principal axis; the rotation axis
considered here is not a principal axis, therefore, the shadow
spacecraft considered here follows a nonoptimal profile. The
control damping rate was chosen as one-half the lowest natu-
ral frequency. Figure 15 shows the angular velocities Ot, fi2,
and Q3 as compared with S5r, r = 1,2,3. Figure 16 shows the
actuator forces at the tip of th> beam in the S2_and 53 direc-
tions. Note that the force in the 53 direction [/36(01 effects only
a rigid-body motion, whereas the force in the t>2 direction
1/26(01 controls rigid-body motion and suppresses vibration.

V. Summary
A novel approach to maneuver of flexible spacecraft was

described in which spacecraft motion relative to the motion of
a shadow spacecraft is suppressed using a decentralized feed-
back control. In contrast with techniques requiring the solu-
tion of high-dimensional two-point boundary-value problems,
this approach leads to near-optimal solutions using an al-
gorithm well suited for in-space implementation.

For both rest-to-spin and rest-to-rest maneuvers, lag com-
pensating shadow spacecraft were developed to enable the
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spacecraft to follow optimal profiles. Without lag compensa-
tion, it was verified that the fuel to carry out maneuvers
increased with decreasing decay rates as a result of the increase
in lag between the spacecraft and its shadow. However, with
the introduction of lag compensation, the associated fuel de-
creased with decreasing decay rates, as is the case in vibration-
suppression problems. This indicates that the lag compensat-
ing decentralized feedback maneuvers are near-optimal.
Furthermore, a high level of system level reliability was
achieved by suppressing the relative motion between the actual
spacecraft and its shadow using decentralized feedback in
which the relative motion must be measured in inertial coordi-
nates. As an illustration, a spacecraft maneuver was success-
fully performed in the presence of both a shut-down actuator
failure and an explosive actuator failure.
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